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ABSTRACT
Jewitt et al. (2014) recently reported that main belt comet P/2013 R3 expe-
rienced a breakup, probably due to rotational disruption, with its components
separating on mutually hyperbolic orbits. We propose a technique for constrain-
ing physical properties of the proto-body, especially the initial spin period and
cohesive strength, as a function of the body’s estimated size and density. The
breakup conditions are developed by combining mutual orbit dynamics of the
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smaller components and the failure condition of the proto-body. Given a proto-
body with a bulk density ranging from 1000 kg/m3 to 1500 kg/m3 (a typical
range of the bulk density of C-type asteroids), we obtain possible values of the
cohesive strength (40 - 210 Pa) and the initial spin state (0.48 - 1.9 hr). From this
result, we conclude that although the proto-body could have been a rubble pile, it
was likely spinning beyond its gravitational binding limit and would have needed
cohesive strength to hold itself together. Additional observations of P/2013 R3
will enable stronger constraints on this event, and the present technique will be
able to give more precise estimates of its internal structure.
Subject headings: comets: general — comets: individual (P/2013 R3) — minor
planets, asteroids: general
1. Introduction
Recent years have seen several observations of a previously unrecognized class of small
bodies, what have been called “Active Asteroids.” These are bodies that display intermit-
tent phenomenon traditionally associated with comets, yet which appear for bodies that
are thought to be asteroids with no or minimal volatiles. A survey of recent observations
is given in Jewitt (2012); however, since that time, there have been several additional and
striking examples of this phenomenon (Jewitt et al. 2013, 2014). It is important to note
that the observed characteristics of these active asteroids are not uniformly similar. An
excellent example of this is the contrast between bodies P/2013 P5 and P/2013 R3. The for-
mer was observed to have several streamers of dusty material emanating from a single main
body at several different epochs in relatively close spacing. The latter, however, was ob-
served to be components that were mutually escaping from each other, with these individual
components undergoing additional fractures at later epochs. While the root cause of these
events is thought to be rotational disruption (Jewitt et al. 2013, 2014), the differing observed
morphologies may indicate different modes of failure (e.g., Hirabayashi & Scheeres (2014)).
Specifically, while P/2013 P5 may be indicative of mass-shedding of regolith from the sur-
face of an asteroid, P/2013 R3 appears to be consistent with a body breaking into multiple
components. In this paper we focus on this latter active asteroid and, under the hypothesis
that it was a single asteroid that underwent rotational disruption, develop constraints on its
physical properties.
Analytical modeling of this body can provide clues about the origin and mechanism
of these events. We explore a model for the breakup of an ellipsoidal rubble pile that was
firstly discussed in Scheeres et al. (2010) and that was later expanded in Sa´nchez & Scheeres
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(2014). In the present model a body that has cohesion can be spun beyond the rate at which
centrifugal accelerations can be balanced with mutual gravitational attractions. Depend-
ing on the strength of the cohesive bonds, which may be less than a few hundred pascals
(Sa´nchez & Scheeres 2014), at some spin rate the body may fracture along planes of weak-
ness, with the components then departing each other on possibly hyperbolic orbits. The
trigger for the fracture may be either a secular increase in spin rate due to the YORP effect,
or a small impact that generates seismic waves that cause bonds close to the failure limit to
fail (Marzari et al. 2011).
Four images of P/2013 R3 taken at different epochs between October and December
in 2013 show that this object experienced subsequent breakups (Jewitt et al. 2014). It is
reported that the proto-body has broken into more than 10 components as a result of this
breakup event. The maximum size of the components may be on the order of a few hundred
meters. In this paper we assume that the YORP effect causes the body to spin up to its
critical spin, so detailed discussions of the spin-up mechanism are omitted. Based on the
observational estimates by Jewitt et al. (2014), we derive the initial spin period and the
cohesive strength of P/2013 R3. Additional observations of this system and more precise
astrometric analysis of the observations may provide further constraints on the body.
2. Modeling of the Breakup Process
2.1. Breakup Scenario
Suppose that the proto-body uniformly rotates in a principal axis mode and is only
subject to its self-gravitational, centrifugal, frictional and cohesive forces. If the proto-body
spins fast enough, it can fail structurally and break up into multiple components. The proto-
body and the smaller components as a result of the breakup are assumed to be a biaxial
ellipsoid and spheres, respectively. If shear strength is zero over some cross section, the
breakup should start from this cross section. However, if shear strength is nonzero, the body
will keep its shape at a faster spin rate. Applying the Mohr-Coulomb yield criterion (e.g.,
Chen & Han (1988)), we represent shear strength by a friction angle and cohesive strength.
After a breakup, the components as a result of this event are inserted into their mutual
orbits.
The breakup model shown in Fig. 1 defines two processes. Process 1 represents me-
chanical failure of the proto-body. The condition of this failure mode will be determined by
considering the yield condition of the averaged stress over the central cross section. Process
2 describes its subsequent orbital motion as a result of mechanical failure. In general, since
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each component may be non-spherical, there is angular momentum transfer, resulting in a
change of the spin vector during the initial disruption (Scheeres et al. 2000); however, the
critical region for such a transfer of angular momentum is only at distances of a few radii of
each component (Hirabayashi & Scheeres 2013). For the case of P/2013 R3, since the ini-
tial velocity of the components are consistent with the system escape velocity (Jewitt et al.
2014), the shape effect on the transfer is negligible. Therefore, it is a reasonable simplifica-
tion of the model to assume that each component is a sphere and that the initial spin state
is conserved across the breakup.
We also assume that the entire process occurs in a plane. The initial condition of
the translational velocity is determined by multiplying the spin rate by the relative distance
between the centers of mass of the two components about to split, and its direction is taken to
be perpendicular to the angular velocity of the proto-body. While there is evidence that fast
rotators may tumble (Pravec et al. 2005), since the normal vector of a failing cross section
is always on the orbital plane, the critical component of the spin vector is identical to the
component normal to the orbital plane; therefore, calculations of cohesive strength should
be independent of other spin components and the initial spin rate given here is equivalent
to its lower bound.
It is emphasized that the terms “breakup” and “structural failure”, used by Hirabayashi & Scheeres
(2014), are distinguished in this study. The term “breakup” describes that a proto-body is
split into smaller pieces, while the term “structural failure” indicates structural instability,
meaning that the original shape permanently changes due to large plastic deformation, but
does not necessarily break up into multiple components. If a body experiences centrifugal
accelerations exceeding gravitational accelerations, any deformation may lead to break up.
A single breakup is discussed here, although the present technique can be applicable to any
similar cascade of breakup events. We note that the dispersion velocity between different
components is proportional to their relative distance. Thus, late-separate components may
have split at a similar time as the main component; however, since their speeds are less, they
may not have been distinguished until later.
We suppose that the dimensions of the proto-body are 2a by 2aβ by 2aβ, where 0 <
β < 1, and the diameters of the smaller components, denoted as R, are chosen to be equal
to a half of the volume of the proto-body. The proto-body uniformly rotates with a spin
rate ω along its maximum principal axis. The density, ρ, is constant over the body.
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2.2. Structural Breakup Condition (Process 1)
The assumption of equal sizes of the smaller components implies that the breakup
occurs in the middle of the proto-body. This comes from the fact that the central cross
section normal to the minimum principal axis is the most sensitive to failure. Table 2 in
Jewitt et al. (2014), showing the effective radii of the smaller components, also indicates that
the components look similar.
To obtain the breakup condition, we use the gravitational potential at an arbitrary point
inside a biaxial ellipsoid, which is written as
U(x, y, z) = piρG(−A0a2 + Axx2 + Ayy2 + Azz2), (1)
where
A0 = β
2
∫
∞
0
ds
∆
, (2)
Ax = β
2
∫
∞
0
ds
(s+ 1)∆
, (3)
Ay = Az = β
2
∫
∞
0
ds
(s+ β2)∆
, (4)
and ∆ =
√
s+ 1(s+ β2). See the details in Hirabayashi (2014).
The failure condition of the central cross section is given by considering the yield con-
dition of the area stress over this cross section. To calculate the area stress, we use the
technique proposed by Davidsson (2001). The yield condition is characterized by the Mohr-
Coulomb yield criterion, which is written as
2Y ≥ (σ1 − σ3) sec φ+ (σ1 + σ3) tanφ, (5)
where σi (σ1 > σ2 > σ3) is the principal components of the area stress, φ is a friction angle,
and Y is cohesive strength. Since the friction angle of a typical soil material ranges between
30◦ and 45◦ (Lambe & Whitman 1969), by taking the mean of these friction angles, the spin
rate of the yield condition, ωp, is approximately described as
ωp ∼
√
4Y
ρa2
+ 2piρGAx, (6)
where G is the gravitational constant and Ax is described in Eq. (3). If Y = 0, ωp =√
2piρGAx, corresponding to the condition at which the pressure on the central cross section
becomes zero and at which a breakup occurs. This is identical to the highest spin rate of
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structural failure of a cohesionless ellipsoid (Sharma 2009). At this condition, the compo-
nents as a result of a breakup do not fly off, but rest on each other without contact forces
instead. We note that such configurations are dynamically unstable and can lead to escape
after an extended period of dynamical interaction (Scheeres 2009; Jacobson & Scheeres 2011;
Pravec et al. 2010). However, the case of P/2013 R3 is not consistent with this scenario as
the components are seen to be immediately escaping from each other. For a body with cohe-
sion, the spin rate of its breakup can be higher than that of any structural failure conditions
and is high enough to lead to immediate escape (see the discussion on the lower size limit of
binaries in Sa´nchez & Scheeres (2014)).
2.3. Mutual Orbit After the Breakup (Process 2)
The dispersion velocity of P/2013 R3 is 0.2 - 0.5 m/s at a relative distance of 3060 km
(see Table 1), which is beyond the Hill sphere of the system, less than 250 km. This indicates
that the small components are likely inserted in a hyperbolic orbit. Under this assumption,
the following discussion explores the mutual orbit dynamics. The total energy conservation
for irregular bodies is written as (Scheeres 2002),
E =
∫
B
v2
2
dm− 1
2
∫
B
∫
B
Gdmdm
r
, (7)
where B indicates the entire body distribution. Note that the second term in Eq. (7) includes
self-gravity potentials.
Consider the initial state, i.e., the configuration where P/2013 R3 is about to break up.
Assuming that the proto-body is an ellipsoid with dimensions of a× aβ × aβ yields
Einitial =
1
2
Iω2
0
+
ρ
2
∫
V
U(x, y, z)dV, (8)
where ω0 is the initial spin rate, I is the moment of inertia of the proto-body, and U(x, y, z)
is given in Eq. (1). The first term on the right hand side in Eq. (8) is given as
1
2
Iω2
0
=
1
10
Ma2(1 + β2)ω2
0
, (9)
where M indicates the mass of the whole system, i.e., M = 4piρa3β2/3. The self-potential
of an ellipsoid can be given as (Scheeres 2004)
ρ
2
∫
V
U(x, y, z)dV = −2
5
MpiρGa2A0, (10)
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where A0 is introduced in Eq. (2).
For the configuration at a post-disruption epoch, assuming that the components are
spheres with the same radius R = a(β2/2)1/3, we describe the total energy as
Elast =
m1m2∆v
2
2M
+
1
2
I1ω
2
0
+
1
2
I2ω
2
0
−Gm1m2
d
− G
2
∫
m1
∫
m1
dm1dm1
r
− G
2
∫
m2
∫
m2
dm2dm2
r
,
=
1
8
M∆v2 − GM
2
4d
+
1
5
MR2ω2
0
− 2
5
MpiρGR2, (11)
where m1 = m2 =M/2, I1 = I2 =MR
2/5, ∆v is the dispersion velocity, and d is the relative
distance between two components at a given epoch.
From energy conservation, Einitial = Elast, leading to,
1
5
a2(1 + β2)ω2
0
− 4
5
piρGa2A0
=
1
4
∆v2 − GM
2d
+
2
5
R2ω2
0
− 4
5
piρGR2. (12)
This relation can be solved for the initial spin rate ω0 as
ω0 =
√
Φ
Ψ
, (13)
where
Ψ =
a2
5
(
(1 + β2)− 2
(
β2
2
) 2
3
)
,
Φ =
∆v2
4
− 2piρGa
3β2
3d
− 4piρGa
2
5
(
β2
2
) 2
3
+
4piρGa2A0
5
.
Assuming that Eq. (6) equals Eq. (13), the initial spin state can also be related to the
minimum level of cohesion needed for this body.
3. Application to P/2013 R3
The observations by Jewitt et al. (2014) provide the relative velocity and the distance
between the components at some epochs (Table 1), although angle-of-view effects affect
their plane-of-sky projections (Jewitt, personal communications, 2014). For the diameter
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of the proto-body, Jewitt et al. (2014) reported that since they only measured the product,
Area×Albedo = pi Radius2×Albedo, if the albedo is different, so is the estimated radius. The
assumption of an albedo of 0.05 renders radius uncertainties by a factor of
√
2. Furthermore,
although there is less dust in December than in October, there is still no guarantee that the
dust has gone in December. Therefore, a radius from 0.2 km to 0.5 km defines the lowest
and highest possibility of the radius of the proto-body1. However, based on the estimates
on December 13, 2013, it is strongly suspected that the effective radius may be less than
0.35 km (Jewitt 2014, personal communication). On the other hand, the aspect ratios of
asteroids, β, is considered to be larger than 0.5 (c.f., the asteroid LightCurve Data Base
by Warner, Harris, and Pravec, revised on November 10, 2012). Given these estimates, the
present analysis provides lower bounds on the initial spin period and cohesive strength.
Consider the first breakup event that occurred before October 1, 2013. Equations (6)
and (13) provide the spin period of the proto-body relative to cohesive strength with different
dispersion velocities and aspect ratios (Fig. 2). In the figure, the solid lines show the case
β = 0.5, while the dashed lines describe the case β = 1.0. The upper curves are the possibly
slowest spin periods that result from a dispersion velocity of 0.2 m/s and a size of 1.0 km,
while the lower curves are the possibly fastest spin periods that result from a dispersion
velocity of 0.5 m/s and a size of 0.4 km. The actual initial spin period should be laid
between the fastest and slowest spin periods. On a given curve, the bulk density increases as
the spin period becomes shorter. The empty triangles and squares show the cases ρ = 1000
kg/m3 and ρ = 1500 kg/m3, respectively. If the density of this asteroid ranges between these
values, then the initial spin period and cohesive strength are further constrained. From the
distribution of the triangles and squares, for P/2013 R3, the cohesive strength ranges from
40 Pa to 210 Pa, while the initial spin period is between 0.48 hr and 1.9 hr. Note that in
the range of friction angles of typical soils, i.e., 30◦ and 45◦, the cohesive strength changes
up to a 20 % of the given values, while the initial spin period does not.
4. Discussion
Broadband optical colors show that this object may be a C-type asteroid (Jewitt et al.
2014). This type of an asteroid has relatively low bulk densities; for example, the bulk density
of (206) Mathilde ranges between 1100 kg/m3 and 1500 kg/m3 (Yeomans et al. 1997), while
that of (101955) Bennu is on the order of 1250 kg/m3 (Chesley et al. 2014). Thus, it is
1A radius of 0.2 km is equal to the radius of the largest component, while that of 0.5 km is computed
from the effective radii on October 1, 2013.
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reasonable to consider that the bulk density of P/2013 R3 may be between 1000 kg/m3 and
1500 kg/m3. The empty triangles and squares in Fig. 2 give the end points for each curve;
therefore, the actual configuration could likely be between these points. This provides the
following two interpretations.
First, although the spin curve by Pravec et al. (2007) implies that the spins of asteroids
ranging from 0.4 km to 1.0 km in size may be bounded at the spin barrier, 2.2 hr, our result
suggests that the breakup of P/2013 R3 could have occurred at a shorter spin period than
the spin barrier. As shown in Fig. 2, the slowest spin period is 1.9 hr, occurring when
ρ =1000 kg/m3, 2a = 1.0 km, and ∆v = 0.2 m/s. This condition may be an extreme case
in our problem. Again, since the effective radius measured from the October 1, 2013 data
is still affected by the dust cloud, Jewitt et al. (2014) state that the 330 m effective radius
measured from the December 13, 2013 data is more accurate. Thus, we believe that a size
of 1.0 km (> 2×330 m) may be too large. This explains that the initial spin of this asteroid
should be faster than the spin barrier.
Second, the possible cohesive strength ranges from 40 Pa to 210 Pa. This estimate
is comparable to that inferred for rubble pile asteroids in Sa´nchez & Scheeres (2014). If
P/2013 R3 is a rubble pile and the size distribution of its particles extends down to the
µm level, then van der Waals forces may supply the needed cohesive strength for such an
asteroid. The cohesive strength of a cohesive self-gravitating aggregate was determined by
Sa´nchez & Scheeres (2014) to be directly related to the average grain size and the Hamaker
constant2. Using a Hamaker constant of ∼0.036 N/m, which is consistent with lunar regolith
(Perko et al. 1996), for an asteroid with cohesive strength of 40 - 210 Pa and with a friction
angle of 37.5◦, we end up with an average particle size of 1.2 - 6.1 µm, consistent with the
size range of the sample from (25143) Itokawa (Tsuchiyama et al. 2011). Therefore, it is
reasonable to believe that a rubble-pile asteroid with hundreds of meters in size could have
cohesive strength matching the values calculated through this analysis. Furthermore, the
possibility that P/2013 R3 is a monolith is quite low because (i) for the present case cohesive
strength is highly bounded and (ii) cohesive strength of a typical rock is at least on the order
of 10 MPa (Lambe & Whitman 1969; Jaeger & Cook 1972).
Based on the observations by Jewitt et al. (2014), we showed the possible ranges of the
initial spin period and cohesive strength of P/2013 R3. However, once additional observations
of this asteroid are carried out, they will provide information that can give further constraints
on this breakup event. Also, detailed analysis of the subsequent breakups in this event can
2The Hamaker constant is directly related to the strength of the cohesive forces between any two bodies
whose surfaces are in contact.
– 10 –
also be used to develop additional constraints on these parameters.
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Fig. 1.— A model for a breakup. The proto-body (phase A) would break into two compo-
nents (phase B) at the critical spin period, followed by orbital motions (phase C). At phase
C, the different components may also be split, but would have mutual speeds that are lower.
This event consists of two processes: process 1 being the transition from phase A to phase
B and process 2 being that from phase B to phase C.
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Fig. 2.— Possible initial spin period due to different dispersion velocities and initial sizes,
i.e., ∆v ranging from 0.2 m/s to 0.5 m/s and 2a from 0.4 km to 1.0 km (see Table 1). The
solid lines show the initial spin period with β = 0.5, while the dashed lines describe that
with β = 1.0. The actual spin periods should be laid between the fastest and slowest spin
periods. The empty triangles and squares indicate bulk densities of 1000 kg/m3 and 1500
kg/m3, respectively; as a C-type asteroid, this asteroid should be between these points.
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Table 1: Measured Properties of P/2013 R3
Property Value Reference
Relative Distance, d, [km] (Oct. 1, 2014) 3060
Diameter of the Initial Body, 2a, [km] 0.4 - 1.0 Jewitt et al. (2014)
Relative Velocity, ∆v, [m/s] 0.2 - 0.5
